By using "strong approximation" results for linear group a question of Magnus on residual properties of free groups is answered affirmatively.
Let m be a nonempty class of groups and i a group. T is said to be residually-# if for every g ¥= 1 in T there is an epimorphism <i>: G -> C where C is a group belonging to <€ s.t. <j>(g) + 1. Equivalently the intersection of all normal subgroups N of T for which T/N belongs to ^ is the unit element of G.
The residual properties of the free groups Fn received a lot of attention: They had been known to be residually finite even before P. Hall coined the phrase "residually finite". They are also known to be residually-"^(p) where #(p) is the class of finite p-groups for a fixed prime p.
In "For n > 2, Fn is not only residually-%>(p) for every prime number p, it is also residually-A and residually-PSL(2, pk) for fixed k and variable p, where A denotes the class of alternating groups_Here, incidentally the story ends. It is not even known whether F2 is residually-PSL(3, p ) where p runs though all primes or residually-PSL (2,2k) where k runs through the positive integers."
In this note we observe that these two questions can be answered affirmatively by using recent deep "strong approximation" theorems for linear groups proved by Weisfeiler [W] (see also Nori [N] and Matthews-Vaserstein-Weisfeiler [MVW] ).
These results say, for example, that if T is a subgroup of SL(3, Z) which is Zariski dense in SL(3, C), then its closure in the congruence topology of SL(3, Z) is of finite index in SL(3, Z).
In particular, for almost all primes p, T is mapped onto SL(3, p) under the canonical map <f> : SL(3, Z) -» SL(3, Z/pZ). The intersection of all kernels of (¡>p, for an infinite set of primes, is trivial and so T is residually-{SL(3, p)\ p prime} (and also residually-PSL(3, p) if the center of T is trivial). To answer Magnus' first question it remains now to check that F2 can be embedded as a Zariski-dense subgroup in SL(3, Z). Indeed, SL(3, Z) is Zariski-dense in SL(3, C) by Borel Density The same arguments work in a much more general content.
Theorem. Let G be a Chevalley group scheme defined over Z {e.g., G = SL(«),
Sp(2«) etc.). Then (a) For a fixed k and variablep, F2 is residually-{G(pk) | p prime). (b) For a fixed p and variable k, F2 is residually-[G(pk)\k e N} unless p = 2 and
G is of type Bn, C" or F4orp = 3 and G is of type G2.
Here G(l) denotes the K-rational points of G over the field K of order I.
For the proof of (a): Let L be a Galois extension of Q of degree k such that there exists infinitely many primes p in Z which are still primes in L, i.e. the ideal p6 of the ring of algebraic integers & of L is a maximal ideal of 0. Such an L does exist: For example, let q be a prime such that q = 1 (mod A:) and let M be the cyclotomic field Q[exp(2?r//<?)]. Then Gal(M/Q) is cyclic of order q -1, and we can find therefore a Galois extension L/Q of degree k such that LQM.lt suffices to check that infinitely rational primes are still primes in M. By [C, Theorem 10.45] this is indeed the case for every prime p which is primitive mod q -1. There are infinitely many such primes by the Dirichlet theorem.
So 6 has infinitely many maximal ideals M for which &/M is a field of order pk for some prime p. Now, consider G as defined over L and let H -ResL/Q(G) be the Q-algebraic group obtained by "restriction of the scalars" (cf. [Z, p. 116] The proof of the second part of the theorem is just the same as the proof for SL (2,2k) except that this time we take G^fX]).
We have to exclude few cases in order to be able to apply Theorem 9.1 of [W] . It is very likely that the theorem holds for these cases as well.
Remarks. (1) It is interesting to note that the proofs in [MVW and W] use the classification of the finite simple groups (while Nori's proof does not, but Nori's result covers only our needs for part (a) of the theorem and not for part (b)). So our theorem can also be considered as a by-product of the classification.
